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Abstract
A stealth de Sitter solution in scalar-tensor theories has an exact de Sitter background
metric and a nontrivial scalar field profile. Recently, in the context of Degenerate Higher
Order Scalar Tensor (DHOST) theories it was shown that stealth de Sitter solutions suffer
from either infinite strong coupling or gradient instability for scalar field perturbations. The
sound speed squared is either vanishing or negative, for the former of which the strong
coupling scale is zero and thus lower than the energy scale of any physical phenomena.
From the viewpoint of effective field theory, this issue is naturally resolved by introducing a
controlled detuning of the degeneracy condition dubbed scordatura, recovering a version of
ghost condensation. In this paper we construct a viable dark energy model in the scordatura
DHOST theory based on a stealth cosmological solution, in which the metric is the same as
in the standard ΛCDM model and the scalar field profile is linearly time-dependent. We show
that the scordatura mechanism resolves the strong coupling and gradient instability. Further,
we find that the scordatura is also necessary to make the quasi-static limit well-defined, which
implies that the subhorizon observables are inevitably affected by the scordatura. We derive
the effective gravitational coupling and the correction to the friction term for the subhorizon
evolution of the linear dark matter energy density contrast as well as the Weyl potential
and the gravitational slip parameter. In the absence of the scordatura, the quasi-static
approximation would breakdown at all scales around stealth cosmological solutions even if
the issue of the infinite strong coupling is unjustly disregarded. Therefore previous estimations
of the subhorizon evolution of matter density contrast in modified gravity in the literature
need to be revisited by taking into account the scordatura effect.
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1 Introduction
It is well-known that taking the effects of extra dimensions and/or higher derivative curvature terms
into account, the gravitational action would generally be endowed with scalar degree(s) of freedom
in addition to the two tensor degrees of freedom. This scalar degree of freedom, corresponding
to the longitudinal mode of gravity, can be realized by considering a scalar field in gravitational
action leading to scalar-tensor theories. In general, including higher derivatives would produce the
so-called Ostrogradsky ghost which leads to an unbounded Hamiltonian [1–5]. The Ostrogradsky
ghost can be avoided by requiring the Lagrangian to satisfy a certain set of degeneracy conditions
[6–9]. Degenerate Higher Order Scalar Tensor (DHOST) theories [6,10,11] provide a general setup,
including the previously known higher derivative scalar-tensor theories such as Horndeski [12]
and beyond Horndeski theories [13, 14], which were constructed by systematically taking possible
higher derivative interactions into account and requiring the degeneracy condition to evade the
Ostrogradsky ghost. Further generalization is possible by requiring the absence of the Ostrogradsky
ghost only in the unitary gauge [15–18]. Apart from the systematic construction based on the
degeneracy condition, the higher derivative terms can be simply taken into account by performing
disformal transformations on a scalar-tensor theory without higher derivatives [19, 20]. It is also
shown that DHOST theories can be obtained by performing disformal transformations on the
Horndeski and beyond Horndeski theories [10,11,13,14,21] as invertible transformations keep the
number of propagating degrees of freedom [22, 23]. Moreover, looking at the singular limit of the
disformal transformations [24], new class of scalar-tensor theories known as mimetic theories [25]
appear which do not belong to the standard setup of the DHOST theories [26, 27]. However, the
mimetic scalar-tensor theories usually suffer from the gradient/ghost instabilities [26, 28–31] and
generally suffer from the caustic singularities [32–34].
The effects of the scalar field in scalar-tensor theories can be modeled as an effective energy-
momentum tensor which sources the standard Einstein-Hilbert action. The stealth solutions are
those scalar field background configurations such that the background effective energy-momentum
tensor takes the form of that for the cosmological constant. In this case, the background metric
takes the same form as that in General Relativity (GR) as an exact solution of the background
equations of motion. It was recently shown in [35, 36] that, if a scalar-tensor theory satisfies a
certain set of conditions, it is possible to accommodate any metric solution same as in GR with
general matter component as an exact solution of the equations of motion while the whole effects of
the scalar degree of freedom at the background level are simply to shift the cosmological constant
with respect to the value of the bare cosmological constant originating from the zero point energy.
For instance, the ghost condensation setup provides a stealth Minkowski solution [37] and stealth
Schwarzschild solution [38]. For a stealth de Sitter solution in DHOST theories see [39], and for
stealth black hole solutions in scalar-tensor theories see Refs. [34, 36, 40–47, 47–50], among which
the most general case, the Kerr-Newman-de Sitter solution in the DHOST theories, was obtained
in [36]. The difference between the standard GR solutions and stealth solutions in scalar-tensor
theories arises at the level of perturbations due to the scalar field perturbations. In this regard, one
can find stealth background solutions whose geometries are the same as well-known cosmological
and black hole background solutions in GR and then look for the effects of modified gravity by
studying perturbations.
However, in the context of DHOST theories it turned out that the scalar mode around the
stealth solutions is in general strongly coupled [41,51–53]. In particular, it was shown in [52] that
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either strong coupling or gradient instability is inevitable for asymptotically flat or de Sitter stealth
solution so long as one requires the evolution equation of linear perturbations to be second order.
Since the DHOST theories are designed to satisfy the degeneracy condition at the nonlinear level to
prevent the Ostrogradsky ghost [6,54], the dispersion relation for the scalar field perturbations takes
the standard linear form ω = c¯sk, where c¯s is the sound speed, and the Ostrogradsky ghost does
not propagate accordingly [55]. Around the stealth solution, however, the sound speed squared c¯2s
is actually either negative or vanishing, for the latter of which the strong coupling scale was shown
to be much lower than the energy scale of the dynamics of the scalar field perturbation [52]. The
same logic holds for a broader framework of the effective field theory (EFT) so long as the evolution
equation of perturbations is second order. Hence, the scalar perturbations around asymptotically
flat or de Sitter stealth solution universally suffer from either gradient instability or infinite strong
coupling. Such solutions cannot be trusted as they are beyond the regime of validity of the EFT
of ghost-free higher-derivative theory.
This issue can be circumvented by the scordatura mechanism [52], namely, by introducing
a controlled detuning of the degeneracy condition from EFT point of view which renders the
perturbations weakly coupled with the cost of a benign apparent Ostrogradsky ghost above the
EFT cutoff scale. If we do not impose the degeneracy condition, the higher-order terms provide
nonlinear dispersion relation of the form ω2 3 k2n with n > 1 (n = 2 for ghost condensation [37],
n = 3 for Horˇava-Lisfshitz gravity [56] and other n as well [18, 52, 55]). Since the strong coupling
scale is determined by a positive power of the sound speed, one would expect that this modification
helps to resolve the issue of strong coupling. However, if the degeneracy condition is largely
violated, the Ostrogradsky ghost would propagate and make the setup unstable. On the other
hand, there is no fundamental symmetry associated to the degeneracy condition and it will be
finally broken by quantum corrections. Therefore, small deviation from the degeneracy condition
is expected to be inevitable from the quantum point of view. The realization of this fact at the level
of an EFT leads to a version of the ghost condensation [37], dubbed the scordatura theory [52].
In this scenario, first, it was shown that the dispersion relation for the scalar field perturbations
around the stealth solution takes the nonlinear form (ω/M) ≈ √αO(1)(k/aM)2. Here, a(t) is the
scale factor, M is the EFT cutoff scale determined by the vacuum expectation value of the scalar
field, and α is a dimensionless parameter which determines the deviation from the degeneracy
condition so that for α = 0 the setup reduces to the DHOST theories. Using the EFT framework,
the strong coupling scale was shown to be ∼ |α|7/2M in the presence of the scordatura term.
Hence, by choosing α = O(1), the strong coupling scale is as high as the EFT cutoff scale [37].
Second, it was shown that for a small deviation from the degeneracy condition, the mass of the
Ostrogradsky ghost mode is larger than the EFT cutoff scale M . Thus, the scordatura scenario
allows us to find an EFT where the scalar field perturbations are weakly coupled and there is no
Ostrogradsky ghost all the way up to the scale M .
Since the scordatura of the degeneracy condition inevitably appears from the EFT point of
view, it is important to clarify its effects on observables. Having weakly-coupled stealth solutions
in the scordatura scenario, we can look for their phenomenological applications in cosmology and
black hole physics. For stealth black hole solution, so long as the deviation from the degeneracy
condition is under control, the evolution of the stealth black hole is expected to be sufficiently
slow. Indeed, it was shown in [38] that in the case of ghost condensate the accretion of the
scalar field for the stealth black hole is sufficiently slow so that it cannot be distinguished by
observations. Nevertheless, the scordatura is important for the recovery of the generalized second
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law of black hole thermodynamics as well [57, 58]. On the other hand, it is nontrivial how the
scordatura changes the evolution of perturbations around cosmological stealth solution (see [59]
for a preliminary study of this question.). Thus, one interesting possibility is to construct a dark
energy model using a background stealth solution same as in the ΛCDM model and to investigate
phenomenology at the level of perturbations, which is the main topic of the present paper.
The rest of the paper is organized as follows. In Section 2 we present our particular scordatura
theory as a small deviation from a subset of DHOST theories. In Sections 3 and 4 we study
cosmological background and perturbations of the model. In Section 5 we construct our stealth
dark energy model and we show that it is weakly-coupled by virtue of the scordatura term. In
Section 6, we study cosmological perturbations of the system of the dark energy minimally coupled
to the dark matter and we find the effective gravitational coupling for the energy density contrast
as well as corrections to the friction term and the gravitational slip parameter. Section 7 is devoted
to the summary and conclusions. Finally, we present some technical details in appendices A and
B.
2 Scordatura theory: Small deviation from DHOST
In this section, we present the action for the scordatura model which is investigated in [52]. Let
us start with an action with quadratic interactions
SD =
∫
d4x
√−g
[
F0(φ,X) + F1(φ,X)φ+ F2(φ,X)R +
5∑
i=1
Ai(φ,X)Li
]
, (1)
where X = gνηφνφη with φν ≡ ∇νφ, F0(φ,X) is the k-essence term [60], F1(φ,X) corresponds
to the so-called kinetic-braiding term [61], and F2(φ,X) is the non-minimal kinetic coupling of
the scalar field to the curvature. The functions Ai(φ,X) label the quadratic higher derivative
Lagrangian densities which are defined as
L1 = φνηφ
νη, L2 = (φ)2, L3 = φφνφνηφη,
L4 = φ
νφνηφ
ηλφλ, L5 = (φνφ
νηφη)
2 . (2)
For general functional forms of functions Fi and Ai, the Ostrogradsky ghost propagates in the
model (1). However, requiring functions Fi and Ai to satisfy a set of degeneracy conditions in the
context of DHOST theories, the model possesses only three degrees of freedom and becomes free
from the Ostrogradsky ghost [6].
Assuming the shift-symmetry for the action (1) with Fi(X), Ai(X), and a linearly time-
dependent scalar field in a cosmological setup, the model supports an exact de Sitter solution [39].
The reason is simple since for that scalar field profile, X becomes constant and all the second
time derivative of scalar field vanish. Therefore, we left with an exact de Sitter solution. This
solution, however, is stealth in the sense that all the effects of the scalar field at the background
level is to shift the cosmological constant. In other words, the scalar field does not gravitate at
the background level while it has non-trivial stress-energy tensor at the level of perturbations.
Note that it was shown in [41] that in general the shift symmetry is not essential and it is pos-
sible to accommodate stealth solutions in a class of shift symmetry breaking theories. Recently,
various stealth solution in DHOST theories have been found: the Schwarzschild-(anti-)de Sitter
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solution [42, 43, 45], general static spherical solution [49], Kerr-de Sitter solution [44], and finally
it was shown that any solution same as in GR in the presence of general matter component can
be accommodated in a class of DHOST theories [36], generalizing the result for a constant scalar
field profile [35]. Although the scalar field perturbations around the stealth solution are free of
pathological ghosts, they are actually infinitely strongly coupled as we explained in the introduc-
tion [41, 51–53]. In particular, using the EFT framework it was shown in [52] that either strong
coupling or gradient instability is inevitable for asymptotically de Sitter or flat stealth solutions so
long as one requires the evolution equation of perturbations to be second order. This issue can be
remedied by small deviation from the degeneracy condition in the scordatura scenario [52], where
a controlled detuning of the degeneracy condition is introduced from EFT point of view. In the
following we focus on the action
Sg =
∫
d4x
√−g
[
F0(X) + F1(X)φ+ F2(X)R +
6F 22,X
F2
φνφνηφ
ηλφλ − α
2
(φ)2
M2
]
, (3)
where we have assumed the shift symmetry for simplicity, and F2,X = ∂F2/∂X. Here, M is a mass
scale corresponding to the cutoff scale of the EFT, and α is a dimensionless parameter governing
the scordatura term. The above action is a subset of action (1) with A2 = − α2M2 , A4 =
6F 22,X
F2
, and
Ai = 0 for i = 1, 3, 5. For α = 0, the degeneracy conditions of the quadratic DHOST theories [6]
are satisfied while for α 6= 0 the scordatura term slightly breaks degeneracy condition to avoid
strong coupling problem. Of course, such a violation of the degeneracy condition summons the
Ostrogradsky ghost but it shows up only above the cutoff scale, as far as α is non-vanishing and of
order unity. The term A1 gives constant contribution to the speed of gravitational waves which is
severely constrained [62] by the recent gravitational waves observations [63]. We then set A1 = 0
and we also set A3 = 0, which implies A5 = 0 to prevent graviton decay [64].
Taking variation with respect to the metric, we find the Einstein equations
M2PGνη = Tνη with Tνη ≡ −
2√−g
δ(
√−gLφ)
δgνη
+ gνηLφ , (4)
where Gνη is the Einstein’s tensor, MP = (8piG)
−1/2 is the reduced Planck mass*1, Lφ ≡ Lg −
M2P
2
R where the total gravitational Lagrangian density Lg is defined by the action (3) as Sg =∫
d4x
√−gLg with F2 = M2P/2, reduces to the standard Einstein-Hilbert one in the absence of the
scalar field φ, and Tνη is the effective energy-momentum tensor of the scalar field, whose explicit
form is complicated and we do not present it here.
Variation with respect to the scalar field also gives the equation of motion
1√−g∂ν(
√−gJν) = 0 , with Jν ≡ δSg
δφν
=
∂Lg
∂φν
−∇η
( ∂Lg
∂φνη
)
, (5)
where Jν is the conserved Noether current associated to the shift symmetry whose explicit form
is again complicated which we do not present here.
*1We work in unit c = 1 = ~ where c is the speed of light in vacuum and ~ is the reduced Planck constant.
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3 Cosmological background
Having obtained the equations of motion for the metric and the scalar field, in this section, we find
cosmological background equations for the model. For this purpose, in appendix A, considering the
symmetries of the cosmological background, we systematically defined the relevant dimensionless
coordinates, which are given by
t˜ ≡ µMt , x˜i ≡ µMxi ; µ ≡M/MP , (6)
and also the following dimensionless quantities
φ ≡MP ϕ , X ≡M4x , F0 ≡M4f0 , F1 ≡Mf1 , F2 ≡M2Pf2 . (7)
Here we assume that µ  1, namely, the EFT cutoff scale is sufficiently lower than the Planck
scale.
The spatially flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) background in terms of the
dimensionless coordinates (6) takes the form
ds2 =
M2P
M4
[
− dt˜2 + a(t˜)2δijdx˜idx˜j
]
, (8)
where a(t˜) is the scale factor, t˜ and x˜i, with i = 1, 2, 3 are the dimensionless cosmic time and
dimensionless spatial coordinates respectively.
The dimensionless scalar field ϕ defined in (7) also acquires a homogeneous time-dependent
vacuum expectation value 〈ϕ〉 = ϕ(t˜) in the cosmological background Eq. (8).
In terms of these new dimensionless quantities and for the background geometry (8), the
temporal component of the Einstein equations (4) gives the first Friedmann equation
f0 + 2ϕ˙
2f0,x + 6f2h
2 + 12ϕ˙2f2,x(2h
2 + h˙)− 12ϕ˙ϕ¨f2,xh− 6µϕ˙3f1,xh (9)
−6ϕ˙2f
2
2,x
f2
(
ϕ¨2 + 2
...
ϕϕ˙+ 6hϕ˙ϕ¨+ 2(ϕ˙ϕ¨)2
(f2,x
f2
− 2f2,xx
f2,x
))
+
α
2
µ2
(
(ϕ)2 + 2ϕ˙(ϕ)˙
)
= 0 ,
where a dot denotes derivative with respect to the dimensionless cosmic time t˜, h ≡ a˙/a is the
dimensionless Hubble parameter which is related to the standard Hubble parameter as H = µMh,
and ϕ is the d’Alembertian defined in the spirit of dimensionless cosmic time t˜ given by
ϕ = − 1
a3
(
a3ϕ˙
)˙
. (10)
The spatial components give the second Friedmann equation
f0 + 2f2(2h˙+ 3h
2)− 4f2,x
(
(ϕ˙ϕ¨)˙ + hϕ˙ϕ¨+ 2ϕ˙2ϕ¨2
(3f2,x
4f2
− f2,xx
f2,x
))
−2µf1,xϕ˙2ϕ¨+ α
2
µ2
(
(ϕ)2 − 2ϕ˙(ϕ)˙
)
= 0 . (11)
We did not explicitly show the functionality of scalar functions in (9) and (11) while we keep in
mind that they are functions of time only at the level of the background.
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The scalar field equation (5) then yields
1
a3
(
a3j0
)˙
= 0 , (12)
where
j0 = −2f0,xϕ˙− 12f2,xϕ˙(2h2 + h˙) + 6µf1,xϕ˙2h+ αµ2(ϕ)˙ (13)
+ 12ϕ˙
f 22,x
f2
(
(ϕ˙ϕ¨)˙ + 3hϕ˙ϕ¨+ (ϕ˙ϕ¨)2
(f2,x
f2
− 2f2,xx
f2,x
))
,
is the temporal component of the dimensionless current defined as jµ ≡ Jµ/M2 with Jµ defined
in (5). For the standard canonical scalar field theory with f0 = −x/2, f2 = 1/2, and f1 = 0 = α,
from the above relation we find j0 = ϕ˙. Then Eq. (12) reduces to the well-known Klein-Gordon
equation ϕ = 0 for the canonical scalar field.
We see that the third time derivative of ϕ together with the second time derivative of the
scale factor encoded in h˙ appear in Friedmann equations (9) and (11) even in the absence of the
scordatura term α = 0. However, by linear combination of these equations we can obtain a second
order equation for ϕ which only includes h and not h˙. This means that there is no Ostrogradsky
ghost for the DHOST subset with α = 0 at the background level. In order to see this fact explicitly,
we perform the following transformation at the background level [39]
b ≡
√
f2 a , (14)
and, moreover, we define the following dimensionless quantities [55, 65, 66] (with correction found
in Appendix A of [67])
αH ≡ −xf2,x
f2
, αB ≡ µ
2
ϕ˙ x
hb
f1,x
f2
+ αH , αK ≡ − x
6h2b
f0,x
f2
+ αH + αB , (15)
which are first order in derivative of the functions fi. As we will see, these types of dimensionless
quantities significantly simplify not only the background equations but also perturbations analysis
in the next section.
The first Friedmann equation (9) in terms of (14) and quantities (15) takes the following simple
form
f0 + 6f2
(
h2b(1 + 2αK) + 2
(
h˙b + hb
ϕ¨
ϕ˙
αB
)
αH
)
+
α
2
µ2
(
(ϕ)2 + 2ϕ˙(ϕ)˙
)
= 0 , (16)
where
hb ≡ b˙
b
= h− ϕ¨
ϕ˙
αH , (17)
is the dimensionless Hubble parameter defined with respect to the new scale factor b. The explicit
expression for ϕ can be obtained by substituting (14) and (15) in (10).
Substituting (14) and (15) in Eq. (11), the second Friedmann Eq. also takes the simple form
f0 + 2f2
(
3h2b + 2
(
h˙b + hb
ϕ¨
ϕ˙
αB
))
+
α
2
µ2
(
(ϕ)2 − 2ϕ˙(ϕ)˙
)
= 0 . (18)
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We see that, for the DHOST subset of the Friedmann Eqs. (16) and (18), h˙b and ϕ¨ appear
with the same combinations which shows that we can find an equation that only includes first
derivative of scalar field and Hubble parameter by linear combination of Friedmann equations
(16) and (18). Taking the derivative of such an equation and then substituting time derivative of
Hubble parameter, we can find a second order equation of motion for the scalar field. However,
this equation has complicated form and we instead work with the equivalent compact equation
(12). We only need to obtain an expression for the temporal component of the shift-symmetry
current density (13). Performing the transformation (14), and then substituting time derivative of
the Hubble parameter obtained from (16) and (18), it is straightforward to show that (13) takes
the following simple form
j0 = 12f2h
2
b
ϕ˙
x
αK
1− 3αH + αµ
2(ϕ)˙ . (19)
In the absence of the scordatura term α = 0, substituting the above expression in Eq. (12) and
removing time derivative of the Hubble parameter from the Friedmann Eqs. (16) and (18) (with
α = 0), we find a second order equation of motion for the scalar field which does not include time
derivative of the Hubble parameter similar to the Klein-Gordon equation for the canonical scalar
field but here with more parameters. Since the scordatura corrections at the background level are
suppressed by a factor µ2, we can use this equation to express second time derivative of the scalar
field in terms of the first time derivative of scalar field. We can also iteratively use this relation to
express the third time derivative of the scalar field in terms of the first time derivative of the scalar
field in the absence of the scordatura term. Then, substituting third and second time derivatives
of the scalar field in term of the first time derivative of the scalar field in the scordatura term, we
obtain a system of equation with one scalar degree of freedom that has some linear α corrections.
At the level of background we neglect the scordatura corrections as they are clearly suppressed by
the Planck scale. However, existence of the scordatura corrections are essential to solve the strong
coupling problem at the level of perturbations as we will see in the next section.
4 Cosmological perturbations
In this section, we study linear scalar cosmological perturbations around the background geometry
(8). As we have shown in the appendix A, in terms of the dimensionless variables and in comoving
gauge where we turn off the scalar field perturbations, the line element for the scalar perturbations
is given by
ds2 =
M2P
M4
(
− (1 + 2A)dt˜2 + 2∂˜iBdt˜dx˜i + a2(1 + 2ψ)δijdx˜idx˜j
)
, (20)
where (A,B, ψ) are scalar perturbations depending on the dimensionless coordinates (t˜, x˜i) and ∂˜i
is derivative with respect to x˜i.
Substituting (20) in (3), expanding the action up to the quadratic order in perturbations and
performing some integration by parts, the quadratic action for the scalar perturbations is obtained
as
S(2)g ≡
∫
dt˜d3x˜M4L˜(2)g ≡
∫
dt˜d3x˜M4
[
L˜(2)D (ψ˙, ψ, A˙, A,B) + αµ2L˜(2)S (ψ˙, ψ, A˙, A,B)
]
, (21)
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where we have defined dimensionless quadratic gravitational Lagrangian L˜(2)g (ψ˙, ψ, A˙, A,B) and
then we decomposed it to the DHOST and scordatura parts as follows
L˜(2)D ≡ L˜(2)g |α=0 , and L˜(2)S ≡
1
αµ2
(
L˜(2)g − L˜(2)D
)
. (22)
From the explicit forms of the quadratic action (21) we see that we cannot remove A˙ by
integration by parts even in the DHOST part and one may naively think that there is an extra
degree of freedom even in the DHOST part. However, we already knew that this is not the case
as DHOST theories provides only three degrees of freedom at the nonlinear level [54]. To see this
fact explicitly in our particular case, we consider the following field redefinition
ζ ≡ ψ + αHA , (23)
which is the counterpart of the background transformation (14) for scale factor b but now at the
level of perturbations. Performing the above field redefinition, (21) becomes
S(2)g =
∫
dt˜d3x˜M4
[
L˜(2)D (ζ˙ , ζ, A,B) + αµ2L˜(2)S (ζ˙ , ζ, A˙, A,B)
]
. (24)
From the above action we see that the DHOST subset provides one dynamical degree of freedom ζ
in the scalar perturbation sector while the scordatura part apparently provides one extra dynamical
degree of freedom A on top of ζ which is nothing but the (would-be) Ostrogradsky ghost. It is
shown in [52] that for small deviations from the degeneracy conditions, this (would-be) ghost mode
is massive and excites only for energy scales larger than M and, therefore, the setup is free of this
type of pathology as far as we work in energy scales below the EFT cutoff M . Thus, the apparent
ghost is benign. This result provides a simple way to integrate out not only non-dynamical field B
but also apparently dynamical field A. We only interested in the mode ζ and not the apparently
dynamical mode A since its mass is heavier than M and we are interested in energy scales smaller
than M . In this regard, we first restrict ourselves to the DHOST subset where we can find solutions
A = A(ζ˙ , ζ) and B = B(ζ˙ , ζ). Substituting these results in the DHOST part we find L˜(2)D (ζ˙ , ζ) from
which we obtain second-order equation ζ¨ = ζ¨(ζ˙ , ζ). Since we are not interested in the evolution of
the apparent Ostrogradsky ghost showing up only above the cutoff scale M , we can use DHOST
solutions A = A(ζ˙ , ζ) and B = B(ζ˙ , ζ) into the scordatura action L˜(2)S . Moreover, for the time
derivative of A, up to the first order of α, we substitute from the equation of motion of ζ and we
find A˙ = A˙(ζ˙ , ζ). Therefore, we end up with an action that includes dynamical mode ζ together
with the first order effects of the scordatura term. This is our strategy to integrate out the non-
dynamical modes in the scordatura part and it is indeed enough to find quadratic action for the
mode ζ in which we are interested in this paper.
4.1 DHOST subset
In this subsection, we present detailed analysis of the DHOST quadratic Lagrangian for the scalar
perturbations which is necessary for the analysis of perturbations in the scordatura part following
the method that we explained above.
Substituting (20) in the action (3) and then using the dimensionless quantities defined in (7),
it is straightforward to show that the quadratic action for the DHOST part takes the following
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form
L˜(2)D = 2f2
(
− 3a3ζ˙2 + 6a3hb(1 + αB)ζ˙A− 2ak˜2ζ˙B + ak˜2ζ2 (25)
+2a(1 + αH)k˜
2ζA− 3a3h2bβKA2 + 2ahb(1 + αB)k˜2AB
)
,
where we have defined second order dimensionless parameters
βK ≡ −x
2
3
f0,xx
h2bf2
+ (1− αH)(1 + 3αB) + βB + (1 + 6αH − 3α
2
H)αK + 2(2− 6αH + 3αK)βH
1− 3αH ,
βB ≡ µϕ˙ x2f1,xx
hbf2
, βH ≡ x2f2,xx
f2
. (26)
In obtaining the Lagrangian (25), we have used background equations so that we found h˙b =
h˙b(ϕ¨, ϕ˙, hb) by linear combination of the Eqs. (16) and (18), and then substituting the result into
Eq. (12) with the shift current (19), we solved for ϕ¨ = ϕ¨(ϕ˙, hb). Taking time derivative of the
result ϕ¨ = ϕ¨(ϕ˙, hb) and then substituting h˙b = h˙b(ϕ¨, ϕ˙, hb) and ϕ¨ = ϕ¨(ϕ˙, hb), we can express the
third time derivative of the scalar fields purely in terms of the first derivative of the scalar field
and Hubble parameter as
...
ϕ =
...
ϕ(ϕ˙, hb). This is a particular realization of the degeneracy in the
DHOST Lagrangian in the case of homogeneous background equations.
Varying the Lagrangian (25) with respect to A and B and then solving the results give
A =
1
1 + αB
ζ˙
hb
, B = −3
[
1− βK
(1 + αB)2
]
a2
k˜2
ζ˙ − 1 + αH
1 + αB
ζ
hb
. (27)
Substituting the above results into the DHOST Lagrangian, we integrate out non-dynamical fields
A and B and, after performing an integration by parts, we find the reduced quadratic Lagrangian
L˜(2)D = a3f2
(
A¯ ζ˙2 − B¯ k˜
2
a2
ζ2
)
, (28)
where we have defined
A¯ = 6
[
1− βK
(1 + αB)2
]
, B¯ = −2
[
1− 1
af2
d
dt˜
(
af2
hb
1 + αH
1 + αB
)]
. (29)
The dispersion relation for the mode ζ then can be read off from (28) which takes the form
ω = c¯s
(k
a
)
; c¯2s ≡
B¯
A¯ , (30)
where c¯s is the sound speed and we have worked with the original dimensionful coordinates. We
see that although there are higher derivative terms in the DHOST action (1) and the equation of
motion is apparently higher order, the degeneracy condition led to the standard linear dispersion
relation (30).
Taking variation of (28), we find the equation of motion for ζ as
ζ¨ +
(
3h+
d
dt˜
ln(f2A¯)
)
ζ˙ +
( c¯sk˜
a
)2
ζ = 0 . (31)
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One can use the setup to study dark energy when an exponentially exact de Sitter solution
arises thanks to the shift symmetry of the setup. The setup, however, becomes strongly-coupled for
the stealth solutions as we will explicitly show in the next section. Taking the effects of scordatura
term into account, which makes the dispersion relation nonlinear, we will show that the setup
becomes weakly-coupled [52].
4.2 Scordatura part
Substituting (20) in the action (3) and then expanding it up to the quadratic order in scalar modes,
it is straightforward to show that the scordatura quadratic Lagrangian defined in (22) is given by
L˜(2)S =
1
2
(
k¯11ζ˙
2 + k¯22A˙
2 + 2k¯12ζ˙A˙+ 2ζ˙(n¯12A+ n¯13k˜
2B) + 2n¯23k˜
2A˙B
−m¯11ζ2 − 2m¯12ζA− m¯22A2 − 2m¯23k˜2AB + m¯33k˜2B2 − m¯33sk˜4B2
)
, (32)
where we have defined the following coefficients
k¯11 = 9a
3x, k¯12 = −3a3x(1 + 3αH), k¯22 = a3x(1 + 3αH)2, (33)
n¯12 = −6a3
(
3xhb − (1 + 6αH + 3α2H − 3βH)ϕ˙ϕ¨
)
, n¯13 = 3ax, n¯23 = −ax(1 + 3αH),
m¯11 = −3
2
a3
(
− 3x(2h˙b + 3h2b) + 6(2 + 3αH)hbϕ˙ϕ¨
+(1 + 18αH + 21α
2
H − 12βH)ϕ¨2 + 2(1 + 3αH)ϕ˙
...
ϕ
)
,
m¯12 = −3
2
a3
(
− 9(1− αH)h2bx + 6(1 + αH)xh˙b + 6(1− 3αH)αHhbϕ˙ϕ¨
+
(
1− (7 + 21αH + 21α2H − 12βH)αH + 12βH)ϕ¨2 − 2(1 + αH)(1 + 3αH)ϕ˙...ϕ),
m¯22 = −1
2
a3
(
9
(
5− 6αH − 3α2H
)
xh2b − 6
(
5 + 12αH + 3α
2
H
)
xh˙b
−18hb
(
(1− 12αH − 9α2H + 6βH)αH − 2βH
)
ϕ˙ϕ¨
+(3γH − 5)ϕ¨2 + 2(1 + 3αH)
(
5 + 18αH + 9α
2
H − 6βH
)
ϕ˙
...
ϕ
)
,
m¯23 = −2a
(
− 3hbx +
(
1 + 6αH + 9α
2
H − 3βH
)
ϕ˙ϕ¨
)
, m¯33s =
x
a
,
m¯33 =
1
2
a
(
− 9h2bx + 6xh˙b + 18hbαHϕ˙ϕ¨+
(
1− 6αH − 3α2H + 12βH
)
ϕ¨2 − 2(1 + 3αH)ϕ˙
...
ϕ
)
,
and also a new third order dimensionless parameter
γH ≡ 8x3(1 + 3αH)f2,xxx
f2
+ 105α4H + 208α
3
H + 10α
2
H(11− 12βH) + 16αH(1− 9βH)− 40βH . (34)
In obtaining the Lagrangian (32) we did not use the background equations.
From (32) we see that it is not possible to remove the time derivative of the field A by integration
by parts which signals the existence of the apparent Ostrogradsky ghost. However, as we already
explained, this apparent ghost mode is heavy and propagates only above the EFT cutoff scale M
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while we are interested in energy scales below M [52]. Following the method that we explained
after Eq. (24), taking time derivative of (27) and then substituting ζ¨ obtained from (31) yields
A˙ = − 1
hb(1 + αB)
(
d
dt˜
[
ln
(
hb(1 + αB)a
3f2A¯
)]
ζ˙ +
( c¯sk˜
a
)2
ζ
)
. (35)
Substituting this equation and also (27) in (32), we can integrate out both scalar modes A
and B. However, we see that substituting (27) in (32) to erase B, the term that includes m¯33
provides L˜(2)S ⊃ k˜−2ζ˙2 which is divergent in the infrared limit k˜ → 0. On the other hand, we
know that there is no infrared divergence in our setup. This apparent divergence is indeed a
consequence of implementing the method that we explained after Eq. (24) to integrate out the
non-dynamical modes B and A. The method is very economical and efficient as we neglect all
suppressed scordatura corrections from the beginning. However, we should be always careful
to keep those suppressed terms which would play any significant roles after integrating out the
non-dynamical modes. As we will see, taking into account the effects of the m¯33 in obtaining
the equations of motion of the non-dynamical mode B solves this apparent problem. Note that
solutions (27) are obtained in the absence of the scordatura corrections α = 0 and, in the presence
of the scordatura term, the Lagrangian (32) changes the equations of motion of A and B. Doing
so, it is easy to find the correction to the solution of the mode B coming from the scordatura m¯33
term as follows
B = −3
[
1− βK
(1 + αB)2
]
a2ζ˙
k˜2 + αk2IR
− 1 + αH
1 + αB
ζ
hb
; k2IR ≡
3µ2
4af2
βKm¯33
(1 + αB)2
, (36)
in which the explicit form of m¯33 is given by (33). Assuming α = O(1), for the modes k˜  kIR,
we find the previous solution (27) while substituting solution (36) in (32), the term that includes
m¯33 does not provide any infrared divergence and the apparent problem disappears. Note that in
obtaining the solution (36) we only kept the correction that we need to solve the apparent infrared
divergence and we have neglected all other effects of the scordatura term. This is an economical
way to solve the apparent problem while keeping calculations as simple as possible.
Now, substituting A˙ from (35), A from (27) and B from (36) in (32), we find the quadratic
scordatura Lagrangian in terms of the single scalar mode ζ as follows
L˜(2)S =
a3
2
[(
A1 + a
2A2
k˜2 + αk2IR
)
ζ˙2 −
(
B1
( k˜
a
)2
+ B2
( k˜
a
)4
+M
)
ζ2
]
, (37)
where we have defined five new coefficients A1,A2,B1,B2, andM. It is straightforward to find ex-
plicit expressions of these coefficients in terms of dimensionless quantities αi, βi and γH . However,
they take complicated forms and hence we do not write their explicit forms here. The scordatura
term is expected to play an important role only around the stealth solution where these coefficients
take simple forms. Therefore, we only write the explicit forms of A1,A2,B1,B2, and M around
the stealth solution in the next section which is enough for our purpose in this paper.
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4.3 Quadratic gravitational action
The total quadratic gravitational Lagrangian defined in (21) is the sum of the DHOST Lagrangian
(28) and scordatura Lagrangian (37) which turns out to be
L˜(2)g = a3f2K
[
ζ˙2 −
(
c2s (k˜)
k˜2
a2
+ αm2
)
ζ2
]
, (38)
where we have defined the effective scale-dependent sound speed square (in the sense of a phase
velocity) as
c2s (k˜) ≡ c¯2s +
αµ2
2f2
(B1
A¯ − c¯
2
s
A1
A +
( k˜
a
)2B2
A¯
)
, (39)
the mass term
m2 ≡ 1
2f2
(M
A¯ − c¯
2
s
A2
A¯
)
, (40)
and the kinetic term coefficient
K ≡ A¯
(
1 +
αµ2
2f2
(A1
A¯ +
a2
k˜2 + k2IR
A2
A¯
))
. (41)
The dispersion relation for the mode ζ then takes the form( ω
M
)2
= c2s(k˜)
( k
aM
)2
+ αµ2m2 , (42)
which reduces to the DHOST case Eq. (30) for α = 0.
The conditions to have no ghost and no gradient instability are
K > 0 , c2s (k˜) > 0 . (43)
5 Weakly-coupled stealth dark energy
In the previous sections we have studied the cosmological background and perturbations for the
scordatura model (3). It is well known that this setup supports a stealth de Sitter solution which
is strongly coupled in the absence of the scordatura term α = 0. In this section we show that
the scordatura corrections makes the setup weakly-coupled [52] and therefore we can construct a
viable dark energy model in this framework.
The evolution equations (9) and (11), or equivalently Eqs. (16) and (18), admit the following
linearly time dependent solution
ϕ(t˜) = t˜ , x = −1 , (44)
which after substituting in (9) and (11) and some manipulations we find
f0 + 3h
2
dS
(
2f2 +
3
2
αµ2
)
= 0 , (45)
f0,x + 3hdS(4hdSf2,x − µf1,x) = 0 . (46)
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Here, hdS is the constant Hubble parameter that arises for the stealth solution (44). Note that
Eq. (46) is equivalent to αK = 0. From the above equations, we find
hdS =
√
−f0
6f2 +
9
2
αµ2
, (47)
where we note that all quantities are calculated for the stealth solution (44). Substituting the
above result into (46), we find the equation of motion for the constant x. Note that for the stealth
solution with ϕ¨ = 0, the Hubble parameters for the scale factors a and b coincide which can be
seen from Eq. (17). Eqs. (45) and (46) coincide with those obtained in Ref. [52] and the stealth
solution (47) also coincides with the result that is obtained in Ref. [39].
For the stealth solution (44), the gradient coefficient defined in (29) takes the following simple
form
B¯ = −2αB − αH
1 + αB
, (48)
from which we obtain the following expression
c¯2s =
1
3
(1− 3αH)(αB − αH)
βK − (1 + αB)2 , (49)
for the sound speed square of the DHOST part that is defined in (30).
Substituting (15) in the above results, we find explicit expressions in terms of the original
functions
c¯2s =
µf1,x (2hdS (f2,x + f2)− µf1,x)
4f2f0,xx + 3µ2f 21,x + 6hdSµ (f1,x (f2 − 5f2,x)− 2f2f1,xx) + 48h2dS
(
f2f2,xx + f 22,x
) , (50)
A¯ = 2
(
4f2f0,xx + 3µ
2f 21,x + 6µhdS
(
f2
(
f1,x − 2f1,xx
)− 5f1,xf2x)+ 48h2dS (f2f2,xx + (f2,x)2))(
µf1,x − 2hdS (f2 + f2,x)
)2 , (51)
where we have also used (46) to eliminate f0,x. Demanding that f2 > 0 to avoid the appearance of a
ghost in the tensor sector, we find that the setup can be free from ghost and gradient instabilities
for 0 < µf1,x < 2hdS(f2 + f2,x). Taking the fact µ  1 into account, we see that the setup is
always free from ghost while it provides small imaginary sound speed for µf1,x < 0. This infrared
instability is not malignant as it behaves as the Jeans instability [37, 68, 69]. If we consider the
limit µ→ 0 (or αB = αH that corresponds to the absence of kinetic braiding term), this instability
disappears while the setup becomes strongly coupled as c¯s → 0. In the absence of the scordatura
term (α = 0), this makes the strong coupling scale significantly lower than M and thus diminishes
the regime of validity of the EFT. With the scordatura term of order unity, on the other hand,
the strong coupling scale is naturally raised to order unity in the unit of M .
We now take the effects of scordatura term into account. Around the stealth solution (45) and
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(46), the Lagrangian coefficients defined in (37) take the following forms
A1 = −9
[
11 + 30αH + 15α
2
H + 4(1 + 3αH)αB
2(1 + αB)2
+
βK − 4(1 + αB)
(1 + αB)4
βK
]
,
A2 = 81
2
h2dS
[
1− βK
(1 + αB)2
]2
, k2IR =
27
8
µ2a2βK
f2(1 + αB)2
B1 =
21 +
(
34 + 27αH + 18α
2
H
)
αH + (17 + 14αH − 3α2H)αB − 2(1 + 3αH)α2B
2(1 + αB)
(
βK − (1 + αB)2
)
− 3
2
1 + αH
(1 + αB)3
(9 + 3αH + 2αB)(1 + αB)− 2βK
βK − (1 + αB)2 βK ,
B2 = 1
9h2dS
[(
(1 + 3αH)(αH − αB)
βK − (1 + αB)2
)2
+ 9
(
1 + αH
1 + αB
)2 ]
,
M = 27
2
h2dS
(αB − 5)(1 + αB)2 + 3(1 + αH)βK
(1 + αB)3
. (52)
Note that A2 > 0 and B2 > 0 independent of the explicit values of the functions αi and βK .
To interpret the results, let us go back to the original dimensionful coordinates (t, xi) defined
in (6). The dispersion relation (42) then takes the form( ω
M
)2
=
(
c¯2s − αµ2Γ1
)( k
aM
)2
+ αΓ2
( k
aM
)4
+ αµ2m2 (53)
with
Γ1 ≡
2f2f0,xx + 3h
2
dS
(
5f 22 + 9f
2
2,x + 2f2 (4f2,xx + 3f2,x)
)
8f2
(
f2f0,xx + 12h2dS
(
f2f1,xx + f 22,x
)) ,
Γ2 ≡ (f2,x + f2)
2
4f2
(
f2f0,xx + 12h2dS
(
f2f2,xx + f 22,x
)) ,
m2 = 27h2dS
(
f2f0,xx + 2h
2
dS
(
f 22 + 4f
2
2,x − f2 (f2,x − 6f2,xx)
))
8f2
(
f2f0,xx + 12h2dS
(
f2f2,xx + f 22,x
)) , (54)
where we have used (50), (51), (52) and also (15).
We see that when µ → 0, from (50) and (54) we find c¯s → 0 and therefore the dispersion
relation (42) simplifies to
ω
M
≈
√
αΓ2
( k
aM
)2
. (55)
Note that the coefficient of the linear k2 term in (53) vanishes while the nonlinear k4 term survives
which gives nonzero contribution ω ∝ k2. This dependency agrees with that in the EFT of ghost
condensation and is a key to make the system weakly-coupled [52].
Finally, we take the Minkowski limit a → 1 and hdS → 0, where the mass term vanishes and
the dispersion relation (53) takes the following form( ω
M
)2
= −
[
µ2
(f 21,x + αf0,xx)
4f2f0xx
+O(µ4)
]( k
M
)2
+ α
(f2 + f2,x)
2
4f 22 f0,xx
( k
M
)4
, (56)
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which is in agreement with the result of [52].
6 Coupling of the dark energy to dark matter
Having shown that our setup supports a weakly-coupled stealth dark energy, in this section,
we investigate evolution of perturbations in the presence of the dark energy described by the
scordatura DHOST scalar and the dark matter component. Since one can accommodate any
background metric solution same as in GR in the presence of general matter component as a
stealth background solution in DHOST theories [36], we will focus on the ΛCDM solution as a
background solution. To describe the matter sector, we consider a shift-symmetric k-essence field
σ that is minimally coupled to the gravity sector with the action
Sm =
∫
d4x
√−gP (Y ) , Y = gνησνση . (57)
Similar to the gravitational sector and in order to explicitly see the regime of validity of our
scordatura EFT, we work with dimensionless coordinates (6) and also define the following dimen-
sionless quantities
σ = MP σ¯ , P ≡M4p , Y ≡M4y . (58)
The energy-momentum tensor of the shift-symmetric k-essence can be written as a perfect fluid
energy-momentum tensor with the following energy density and pressure
ρm ≡ 2yp,y − p , pm ≡ p . (59)
Note that the energy density and pressure defined above are dimensionless.
Since the energy-momentum tensor for the shift-symmetric k-essence field can be modeled by
a perfect fluid, we can translate all of our final results into the standard results of a perfect fluid
working with appropriate variables.
6.1 Background equations
The background equations can then be easily found from the minimally coupled action Sg + Sm,
where Sg and Sm are given by (3) and (57) respectively. For the stealth solution (44) which in the
absence of matter leads to the exact de Sitter configuration with the constant Hubble parameter
(47), the Friedmann equations in the presence of the perfect fluid take the forms
6f2h
2 = ρΛ + ρm , −2f2
(
2h˙+ 3h2
)
= pΛ + pm , (60)
where the energy density and pressure of the perfect fluid are given by the k-essence field which
are defined in (59) while energy density and pressure of dark energy are already obtained as
ρΛ = 6f2h
2
dS = −pΛ ,
Λ
M2
≡ 3µ2h2dS = −µ2f0 , (61)
where, again, f0, f2 are evaluated at the stealth solution (44), we have used Eq. (47) and neglected
the terms that are suppressed by the Planck scale.
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In the case of pressureless dark matter pm = 0, which we are interested in here, the conservation
of energy momentum tensor gives
ρ˙m + 3hρm = 0 . (62)
This gives the solution ρm ∼ a−3 and therefore the Friedmann equation becomes
6f2h
2 = ρΛ +
ρ0m
a3
, (63)
where ρ0m = ρm(t˜ = 0) is the energy density of the dark matter at the present time a(t˜ = 0) = 1.
The solutions for the scale factor and the Hubble parameter are given by
a(t˜) =
(ρ0m
ρΛ
)1/3
sinh2/3
(√
3ρΛ
2
t˜
)
, h = hdS coth
(3
2
hdSt˜
)
. (64)
At early time the above solution approaches to the matter dominated era with a ∼ t˜2/3 and h ∼ t˜−1
while it approaches the de Sitter solution at late time with a ≈ ehdS t˜ and h ≈ hdS.
Note that (64) is the stealth solution which is exactly the same as GR solution of the system
with a cosmological constant plus pressureless dark matter at the background level, which is a
special case of [36]. At the level of perturbations, however, these two setups are significantly
different as we will see in the next subsection.
6.2 Perturbations
We have already performed the linear perturbation analysis for the gravitational sector which
provides the dark energy component. Here, our aim is to redo the calculations in the presence
of the minimally coupled dark matter. We thus take into account the scalar perturbations of the
k-essence field
σ = MP (σ¯ + δσ) , (65)
where σ¯ and δσ denote the background value and scalar perturbations respectively. Both of the σ¯
and δσ are dimensionless.
The observable quantity we are interested in is the matter energy density contrast. Here we
work with the following gauge-invariant quantity*2
δm = 3ζ − (1 + 3αHc2m)
A
c2m
+
˙δσ
c2m ˙¯σ
; c2m ≡
p,y
p,y + 2yp,yy
, (66)
where cm is the sound speed of the k-essence field.
The total second order action, which is the sum of the quadratic part of the gravity sector (3)
and the quadratic part of the matter sector (57), takes the form
S(2)g + S
(2)
m =
∫
dt˜d3x˜M4
[
L˜(2)Dm(ζ˙ , ζ, A,B, δ˙m, δm) + αµ2L˜(2)S (ζ˙ , ζ, A˙, A,B)
]
. (67)
The explicit form of the Lagrangian L˜(2)Dm(ζ˙ , ζ, A,B, δ˙m, δm), which represents the DHOST action
minimally coupled to a perfect fluid, is obtained in the appendix B in Eq. (B4). For the dark matter
*2Note that we cannot set cm = 0 from the beginning. We first perform the transformation (66) for finite cm and
impose cm = 0 at the end.
17
with pm = 0 (or equivalently wm = 0 where wm = pm/ρm is the equation of state parameter) and
cm = 0, it simplifies to
L˜(2)Dm = L˜(2)D +
1
2
a3ρm
[a2
k˜2
δ˙2m + 2Bδ˙m − 2Aδm +
k˜2
a2
B2 + 6Aζ − 3βmA2
]
, (68)
where L˜(2)D is defined in Eq. (25) and we have also defined another second order dimensionless
parameter
βm ≡ 2βH − 5α
2
H − αH
1− 3αH . (69)
The explicit form of the quadratic Lagrangian for the scordatura part L˜(2)S (ζ˙ , ζ, A˙, A,B) is still
given by (32) since the matter is not directly coupled to the scordatura term and also we did not
use the background equations in obtaining (32).
6.3 Effective gravitational coupling in quasi-static limit
Having obtained the quadratic action for the linear perturbations of the system of stealth dark
energy in the presence of dark matter minimally coupled to gravity, now we look at the formation
of structure by adopting the so-called quasi-static approximation. This approximation is justified
for the modes deep inside the horizon k  (aH)/cs where cs is the dark energy sound speed [65,70].
In the absence of the dark matter, we have found the sound speed of the dark energy which is
given by Eq. (39). In the presence of dark matter, the sound speed changes through the integrating
out of the non-dynamical variables. However, these corrections are suppressed by the Planck scale
and, therefore, Eq. (39) still determines the sound speed of the dark energy. Far from the stealth
solution, the dominant contribution is given by the DHOST part and we have cs ≈ c¯s of order
unity and the condition k  (aH)/c¯s can then be satisfied [71]. For the stealth solution, as it is
clear from (50), c¯s → 0 and as we have shown in Eq. (55), the dominant contribution to the sound
speed is given by the scordatura term as cs(k) ≈
√
αΓ2(k/aM). Therefore, for the stealth solution,
existence of the scordatura term is essential to justify the quasi-static approximation. Otherwise,
the condition k  (aH)/cs will be violated for α→ 0.
Varying the quadratic Lagrangian L˜(2)Dm + αµ2L˜(2)S with respect to B,A, and ζ, where L˜(2)Dm and
L˜(2)S are given by (68) and (32), we find the following equations of motion respectively
h(1 + αB)A− ζ˙ + mh2
(a2
k˜2
δ˙m +B
)
=
αµ2
4f2a
[
n¯13ζ˙ + n¯23A˙− m¯23A− (m¯33 + m¯33sk˜2)
]
, (70)
3h
(
(1 + αB)ζ˙ − hβKA
)
+
k˜2
a2
(
h(1 + αB)B + (1 + αH)ζ
)− mh2(δm − 3ζ + 3βmA)
=
αµ2
4f2a3
[
d
dt
(
k¯22A˙+ k¯12ζ˙ + n¯23k˜
2B
)
− n¯12ζ˙ + m¯12ζ + m¯22A+ m¯23k˜2B
]
, (71)
1
a3
d
dt
[
a3
(
3ζ˙ − (1 + αB)hA+ k˜
2
a2
B
)]
+
k˜2
a2
ζ + (1 + αH)
k˜2
a2
A+ 3mh
2A
= − αµ
2
4f2a3
[
d
dt
(
k¯11ζ˙ + k¯12A˙+ n¯12A+ n¯13k˜
2B
)
+ m¯11ζ + m¯12A
]
. (72)
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In obtaining the above equations of motion, we have used the fact that hb = h for the stealth
solution and also defined the dimensionless quantity
m ≡ − h˙
h2
=
ρm
4f2h2
, (73)
where in the last step we have used the background equation h˙ = − ρm
4f2
.
Variation with respect to δm gives the equation of motion for the matter energy density contrast
δ¨m + 2hδ˙m = − k˜
2
a2
(
A+ B˙
)
. (74)
Solving Eqs. (70) and (71) in the limit µ → 0 for the non-dynamical modes A and B and
then substituting the result into (72) and (74), after some manipulations, we find second order
equations of motion ζ¨ = ζ¨(ζ˙ , ζ, δ˙m, δm) and δ¨ = δ¨(ζ˙ , ζ, δ˙m, δm) which have complicated forms. In
this respect, the dynamics of the two dynamical modes ζ and δm is completely determined by
the equations (70), (71), (72) and (74). However, for our purpose, it is much easier to adopt the
quasi-static approximation already before integrating out the non-dynamical fields. In this limit,
Eqs. (70), (71), and (72) simplify to
ζ˙ − h(1 + αB)A− mh2B + αµ
2
4f2
k˜2
a2
B = mh
2 a
2
k˜2
δ˙m , (75)
(1 + αH)ζ + h(1 + αB)B = mh
2 a
2
k˜2
δm , (76)
ζ + hB + B˙ + (1 + αH)A = 0 , (77)
where, similarly to the background equations, we have neglected the scale independent terms that
are proportional to α since they are all suppressed by the Planck scale.
Now, our task is to find A and B in terms of δm and δ˙m from Eqs. (75), (76), and (77), and then
substituting the results into Eq. (74) to find the equation of motion for the linear energy density
contrast. The large scale observable quantities are defined in terms of the Bardeen potentials
Φ = ψ + hB = ζ + hB − αHA , Ψ = B˙ + A , (78)
and we therefore rewrite our results in terms of these gauge-invariant variables.
Rewriting Eq. (77) in terms of Bardeen potentials (78) and solving for A gives
A = −Φ + Ψ
2αH
. (79)
Substituting (78) and (79) in (76) yields
(1 + αH)(Φ−Ψ) + 2(αB − αH)hB = 2mh2 a
2
k˜2
δm . (80)
Taking time derivative of (76) and then substituting ζ˙ from (75) and rewriting the results in terms
of the Bardeen potentials, we find
(1 + αB)(Φ−Ψ) + (1 + αH) αµ
2
2f2h
k˜2
a2
B = 2mh
a2
k˜2
(
hδm + αH δ˙m
)
, (81)
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where we have used the relation α˙B = − h˙h(αB − αH) = mh(αB − αH) which is valid around the
stealth solution (64).
From Eqs. (80) and (81) we find
B =
m
d
a2
k˜2
[
(αB − αH)hδm − αH(1 + αH)δ˙m
]
, (82)
and
Ψ− Φ
2
= −mh
d
a2
k˜2
[
(αB − αH)
(
hδm + αH δ˙m
)− (1 + αH) αµ2
4f2h
k˜2
a2
δm
]
, (83)
where we have defined
d ≡ (1 + αB) (αB − αH)− αµ
2
4f2h2
k˜2
a2
(1 + αH)
2 . (84)
The quantity (Ψ− Φ)/2 in the left hand side of (83) is called the Weyl potential which measures
the anisotropic stress.
Substituting (82) in (76), we find the dynamical field ζ in terms of the matter energy density
contrast and its first time derivative as
ζ =
mh
d
a2
k˜2
(
αH(1 + αB)δ˙m − (1 + αH) αµ
2
4f2h
k˜2
a2
δm
)
. (85)
Taking time derivative of the above relation and then using (74) to eliminate δ¨m, we find
ζ˙ = ζ˙(Ψ, δm, δ˙m). Substituting this result together with (79) and (82) in (76), we find
d(Ψ + Φ)− 2α2HmΨ = 2αH
mh
d
a2
k˜2
[(
dαB + αH (αB − αH)
(
2(1 + αB)− (1 + αH)m
))
δ˙m (86)
+
(
d(1− αB + 2αH)(αB − αH)− (1 + αH) (αB − αH) 2
(
2(1 + αB)− (1 + αH)m
)
+ d2
) hδm
(1 + αH)2
]
.
Now, from Eqs. (83) and (86), we find the Bardeen potentials completely in terms of the matter
energy density contrast
Ψ =
hm
d(d− α2Hm)
k˜2
a2
[(
(αB − αH)
(
2(1 + αB)− (1 + αH)m
)
+ d
)
α2H δ˙m (87)
+
(
d (αB − αH) (αB + α2H)− αH(1 + αH)(αB − αH)2 (2(1 + αB)− (1 + αH)m) + d2
) hδm
(1 + αH)2
]
,
Φ =
hm
d(d− α2Hm)
k˜2
a2
[(
d (2αB − αH) + αH (αB − αH)
(
2(1 + αB)− (1 + 3αH)m
))
αH δ˙m (88)
−
(
d
(
α2B(1 + 2αH)− αBαH(3 + 5αH) + α2H
(
2 + 3αH + 2(1 + αH)m
))
+ αH(1 + αH) (αB − αH) 2
(
2(1 + αB)− (1 + 3αH)m
)− d2(1 + 2αH)) hδm
(1 + αH)2
]
.
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Rewriting (74) in terms of the Bardeen potential Ψ defined in (78), and then substituting the
above solution, we find
δ¨m + (2 + γ)hδ˙m = 4piGeffρmδm , (89)
where we have defined the effective gravitational coupling for the matter energy density contrast
Geff ≡ 1
16pif2
[
d2 − d (αB − αH) (αB + α2H) + αH(1 + αH)(αB − αH)2
(
2(1 + αB)− (1 + αH)m
)
d(1 + αH)2 (d− α2Hm)
]
,(90)
and also corrections to the friction term
γ ≡ α
2
Hm
d(d− α2Hm)
(
d + (αB − αH)
(
2(1 + αB)− (1 + αH)m
))
. (91)
As we see, the effects of the perturbations in the gravity sector are first to modify the effective
gravitational coupling [71–77] and second to change the friction term [78]. Both of these effects
affect the formation of the structures in the universe.
In the absence of the scordatura corrections Eqs. (90) and (91) reduce to
Geff
∣∣
α=0
=
1
16pif2
αB − αH
1 + αB
1 + αB − αHm
(1 + αB) (αB − αH)− α2Hm
, (92)
γ|α=0 = α
2
Hm
1 + αB
3(1 + αB)− (1 + αH)m
(1 + αB)(αB − αH)− α2Hm
, (93)
which tell us an important role of the scordatura term for the well-definedness of the quasi-static
limit. We note that in the limit αB → αH , which corresponds to the absence of the kinetic braiding
term in the action (3) as it is clear from (15), the effective gravitational coupling (92) vanishes.
However, we are not allowed to take this limit in the absence of the scordatura term. This can
be understood if we note that in the absence of the the scordatura term α = 0, the dark energy
sound speed reduces to c¯s given by (49) which vanishes for αB → αH . Not only it means infinite
strong coupling, but also it is clear that the quasi-static limit k  (aH)/c¯s is ill-defined in the
limit c¯s → 0. However, in the presence of the scordatura term, the condition k  (aH)/cs holds
even for c¯s → 0 and therefore we can safely take the limit αB → αH in (90). On the other hand,
for the friction correction we can take the limit αB → αH in the DHOST subset (93) which gives
γ = −3 + m. However, the scale-dependent corrections due to the scordatura term in (91) are not
suppressed and we should take into account their effects.
Another observable quantity is the gravitational slip parameter that is defined as
η = −Φ
Ψ
, (94)
which after substituting (87) and (88) can be determined up to the ratio δ˙m/(hδm).
In summary, in this section we have shown that the scordatura prescription first allows us to
define the quasi-static limit and second gives scale-dependent corrections to the physical quantities
such as the Weyl potential (83), the effective gravitational coupling (90), the correction (91) to
the friction term of the dark matter energy density contrast, and the slip parameter (94). The
scale-dependent corrections to the effective gravitational coupling (90) from the scordatura term
are necessary to make this quantity well-defined. Moreover, these scale-dependent corrections
make our stealth dark energy model to be observationally different than not only the standard
ΛCDM model but also many other dark energy models that are based on modified gravity theories.
Looking for these observational signatures is interesting but beyond the scope of this work.
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7 Summary and conclusions
The stealth solution is an interesting class of exact solutions in scalar-tensor theories as its whole
effects at the background level are to shift the cosmological constant and hence the background
metric takes the same form as in GR. The differences between the original background solutions
in GR and the corresponding stealth background solutions show up at the level of perturbations,
for which either strong coupling or gradient instability is inevitable for asymptotically flat or de
Sitter stealth solution in any scalar-tensor theories possessing second order equations of motion
for perturbations [52]. A universal prescription to resolve this problem is to introduce a controlled
detuning of the degeneracy condition dubbed scordatura [52], which renders the perturbations
weakly coupled with the cost of a benign apparent Ostrogradsky ghost above the EFT cutoff scale.
In this paper we constructed a stealth dark energy model based on the weakly-coupled stealth
de Sitter solution in the scordatura scenario. We adopted the background metric same as in the
standard ΛCDM model, and the linearly time-dependent scalar field profile with a constant kinetic
term. We investigated the effects of the scalar field perturbations of the dark energy on the dark
matter perturbations which are responsible for the formation of the large-scale structure. By virtue
of the scordatura theory, we obtained non-vanishing, scale-dependent effective sound speed cs(k)
for the scalar perturbations, which is a key to avoid the gradient instability and strong coupling.
Further, we clarified that the scordatura mechanism is also necessary to make the quasi-static limit
k  (aH)/cs well-defined, which has been commonly adopted to study the modes deep inside the
sound horizon. We thus conclude that the subhorizon observables are inevitably affected by the
scordatura.
We obtained the linear equation of motion for the subhorizon evolution of the dark matter
energy density contrast from which we found the corresponding effective gravitational coupling as
well as a correction to the friction term. We also found scale-dependent corrections due to the
scordatura term to the Weyl potential and the gravitational slip parameter. Although the scor-
datura is necessary to make the quasi-static limit well-defined, whether the contribution from the
scordatura is sub/dominant in observables should be studied on case-by-case basis in comparison
with the contribution from the ghost-free part of a scalar-tensor theory. We highlighted that the
most drastic case is a class of theories with αB = αH , i.e. a class without the kinetic braiding
term. In such a class, in the absence of the scordatura the effective gravitational coupling appears
to vanish. Such a result is untrustable since in the absence of the scordatura the sound speed
vanishes and hence the scalar field perturbation is infinitely strongly coupled and the quasi-static
limit is ill-defined. Hence, for this class, it is crucial to take the scordatura into account, and one
can directly hear the sound of the scordatura by focusing on evolution of perturbations.
The Ostrogradsky ghost-free higher-derivative theories serve as a unified framework to describe
physics at low energy regime. However, unless the degeneracy condition is protected by a funda-
mental symmetry, it will be eventually broken by quantum corrections. If such a violation is of
O(1) or less in the unit of the EFT cutoff scale, it resolves theoretical issues and provides rich
phenomenology while retaining the Ostrogradsky ghosts above the cutoff. Namely, the scordatura
resolves the strong coupling and the gradient instability for the scalar field perturbation around
stealth solutions, recovers the generalized second law of black hole thermodynamics, and is nec-
essary to make the quasi-static regime well-defined. Using the results of the present paper, it
is important to clarify the effects of the scordatura on observables and evaluate its significance
compared to the one from the pure DHOST part of scalar-tensor theories. Previous estimations
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of the subhorizon evolution of matter density contrast in modified gravity in the literature need
to be revisited by taking into account the scordatura effect. We leave it as a future work.
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A Dimensionless scalar perturbations
In order to explicitly see which higher derivative term is suppressed from the EFT point of view,
it is better to work with dimensionless quantities. In this appendix, considering the symmetries
of the background, we systematically find the appropriate coordinates to redefine all background
and perturbation fields to their dimensionless quantities.
We consider linear scalar perturbations around the spatially flat FLRW metric. The metric in
the comoving gauge and in coordinates (t, xi) takes the form
ds2 = −(1 + 2A)dt2 + 2∂iB¯dtdxi + a2(1 + 2ψ)δijdxidxj , (A1)
where a(t) is the scale factor, A(t, xi), B¯(t, xi), ψ(t, xi) are scalar perturbations, t denotes the
cosmic time, and ∂i denotes spatial derivative with respect to the coordinates x
i with i = 1, 2, 3.
Let us first look at the background where the scalar perturbations in (A1) are absent. We need
to look at the Ricci scalar of the background which includes the following term
R(0) ⊃
(∂ta
a
)2
. (A2)
The Ricci scalar has dimension [R] = M4/M2P and thus we find the following dimensionless time
coordinate
t˜ ≡ µMt ; µ ≡M/MP . (A3)
From the background analysis we cannot find the appropriate spatial coordinates which is the
consequences of the homogeneity of the background.
For the linear perturbations, the Ricci scalar includes the following terms
R(1) ⊃
{(∂ta
a
)2
A ,
∂2iA
a2
, ∂2t ψ ,
∂2i ψ
a2
, ∂2i ∂tB¯
}
. (A4)
From the terms that include ∂2iA and ∂
2
i ψ we realize the following dimensionless spatial coordinates
x˜i as
x˜i ≡ µMxi . (A5)
Looking at the last term in (A4), we find the following dimensionless scalar mode
B ≡ µMB¯ . (A6)
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Now, substituting (A3), (A5) and (A6) in (A1), we find the metric in terms of the dimensionless
coordinates and scalar modes as follows
ds2 =
M2P
M4
[
− (1 + 2A)dt˜2 + 2∂˜iBdt˜dx˜i + a2(1 + 2ψ)δijdx˜idx˜j
]
, (A7)
which we adopt throughout the present paper to study background and perturbations analysis.
In the same manner, we need to define appropriate dimensionless quantities in the dark energy
and dark matter sectors which only include scalar fields φ and σ in our model. Let us explain
the logic for φ as the same holds for σ. The kinetic term of the scalar field has the dimension of
[X] = M4 and we define its dimensionless counterpart as x ≡ X/M4. The background value for x
in coordinates defined in (A7) is x(t˜) = −M−2P (∂t˜φ)2, and, therefore, we define the dimensionless
quantity for the scalar field ϕ ≡M−1P φ.
B Quadratic action in the presence of a minimally coupled
perfect fluid
In this appendix, we obtain the total quadratic action when our model is minimally coupled to
a perfect fluid. For the sake of simplicity, we work with a shift symmetric k-essence field defined
by the action (57). We translate the result in terms of the gauge-invariant energy density and,
therefore, all the results can be considered for a general perfect fluid.
The total second order action is the sum of the quadratic part of the gravity sector (3) and the
quadratic part of the matter sector (57) which takes the form
S(2)g + S
(2)
m =
∫
dt˜d3x˜M4
[
L˜(2)Dm(ζ˙ , ζ, A,B, ˙δσ, δσ) + αµ2L˜(2)S (ζ˙ , ζ, A˙, A,B)
]
, (B1)
where δσ is the perturbation of the k-essence field defined in (65). In the above quadratic action,
L˜(2)Dm(ζ˙ , ζ, A,B, ˙δσ, δσ) is the quadratic Lagrangian of DHOST part and matter part. The explicit
form of the quadratic Lagrangian for the scordatura part L˜(2)S (ζ˙ , ζ, A˙, A,B) is given by (32) even
after introducing the coupling to the matter. The reason is that the matter is not directly coupled
to the scordatura term and also we did not use the background equations in obtaining (32). Thus,
our task here is to only find L˜(2)Dm(ζ˙ , ζ, A,B, ˙δσ, δσ).
There are many gauge-invariant variables for the matter perturbations, and we prefer to work
with
δm ≡ 1
1 + c2m
δρm
ρm
+ 3(1 + wm)ψ
= (1 + wm)
(
3ζ − (1 + 3αHc2m)
A
c2m
+
˙δσ
c2m ˙¯σ
)
, (B2)
where
wm ≡ pm
ρm
=
p
2yp,y − p , (B3)
is the equation of state parameter. In obtaining (B2), we have substituted from (23) and also we
have used the explicit expression of δρm in the last step.
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By the direct calculations, it is straightforward to obtain the quadratic Lagrangian in terms
of the k-essence field perturbations L˜(2)Dm(ζ˙ , ζ, A,B, ˙δσ, δσ) which we do not write its explicit form
here. We, however, need to find it in terms of the matter density contrast as L˜(2)Dm(ζ˙ , ζ, A,B, δ˙m, δm)
through the transformation (B2). The transformation (B2) includes time derivative of the k-essence
field δσ and it is not a point transformation. To perform this transformation we can go to the
Hamiltonian formalism and perform the corresponding canonical transformation [28]. Equivalently,
we can integrate-in an auxiliary field and then integrate-out a non-dynamical field to perform this
transformation at the level of Lagrangian [80]. Doing so, we find
L˜(2)Dm = L˜(2)D +
a5
2k˜2
ρm
1 + wm
(
δ˙2m −
c2mk˜
2
a2
δ2m − 3(c2m − wm)(h˙+ 5h2)δ2m
)
+ a3ρm
(
B
(
δ˙m + βv(c
2
m − wm)δm
)− (1 + 3αHc2m)Aδm + 3c2mζδm)
− 1
2
a3ρm(1 + wm)
(
3A2βm − 6(1 + 3αHc2m)Aζ + 9c2mζ2 −
k˜2
a2
B2
)
, (B4)
where L˜(2)D is given by Eq. (25). Here, we have also defined second order dimensionless parameters
βm ≡ 2βH − 5α
2
H − αH
1− 3αH + 3c
2
mα
2
H , (B5)
βv ≡ 3hb − 3hbαH
1− 3αH
3(1 + αB)αK + m(αB + 3αH)
(1 + αB)2 − βK − mβm +
9mhbc
2
mα
2
H
(1 + αB)2 − βK − mβm , (B6)
with
m ≡ ρm(1 + wm)
4f2h2b
, (B7)
which reduces to m = − h˙h2 for the stealth solution. For the case of dark matter with wm = 0 = cm,
the quadratic Lagrangian (B4) reduces to (68) which is to be used to study the linear perturbations
for the system of scordatura dark energy coupled to the dark matter.
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